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ON THE THEORY OF FUNCTIONS OF A COMPLEX VAEIABLE * 

By W. H. Echols, Charlottesville, Va. 

I. 

1. We have in real quantities the identity (Euler's)t 

1 — Ci + Ci (1 — Cj + C,C2 (1 — Cj) + . . . -t- C1C2 . . . c„ (1 — c„+,) 
= 1 — C1C2 . . . C„+i . 

Put Ci = a/h, Cr+i = (a + p^/Q> -\- jp^,{r ^^\ . . .n); multiply both sides by 
b/(b — a) and we get 



I 



,^l + lh,^+£^ + ,^J,pr^, (1) 



b—a / \' I -\- p, ' b — a I'b + p,' 

Pf, = 0. If the quantities involved be such that 

, 



n^ + P'-h 



1 , (a - h)/p, 

^ i + Vi'. 



the series on the right of (1) is convergent, and has for its limit b/(b — a). 
This infinite product vanishes when 

"1 1 

(a — b) 1'. — = — , I , 

is infinite and negative, which occurs when 

CO 

2, pj^ = — X and a > 6 , 
1 

I,pj^= +CC and a<b, 
1 

a and b being positive quantities. 

Evidently these conditions enable us to include among the ^'s any finite 
number of values q^ . . . q^ vre choose, a nvimber of which may be equal, pro- 
vided after q^ the quantities follow a law of formation which makes 2!,pj^ 
diverge to ± 00 . 

* Bead, with some changes, before the New York Mathematical Society Oct. 7, 1893. 
t Ohrystal's Algebra, Vol. II, p. 393. Laurent, Traits d' Analyse, Vol. Ill, p. 327. 
Annals or Mathematics, Vol. VIII, No. 2. 
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In particular, (1) converges, when (« = 1, . . . , oo ) 

p,^ c -{- sh and « < 5 , 

p, = c — sh and ay- b , 

c and h being finite positive quantities. 

2. Let a be a point in the plane of the complex variable z. Roll the 
Neumann sphere until it touches the s-plane at a, and let a' be the point in- 
finity, the opposite end of the diameter through a. About « as a centre draw 
two circles with radii r <^ Ji, and transfer all points to the sphere. Let s and 
t be running points on the circumferences of these circles respectively, taken 
with reference to a. Let *•' and t' be these same points taken with regard to 
a', their moduli being r' > S". Let z be any point on the surface of tiie zone 
included between the circles s and t. In virtue of (1), we have 

1 * gW 

; = ^r;5+i), (2,/»j'= + Q0) (a) 



wherein z^"^ ^1, and 



t--z~ o*" ;;<'•+«' 
1 "" ^'"> 

jzz^ = fr^^' a>r'--=o) (b) 

1 " fi'^ 

^^r7=f i(?+i)' i^.PT'^-^) (c) 

^ =l'-£r). (i>r' = + =o) (d) 



sW : 



:S{z+P,)...(z+Pr-l)- 



If 3 := in (a), and « = in (d), the series reduce to t~^ and z~^ respec- 
tively ; while s ^ in (c) and s = in (b) cause these series to take the 
indeterminate form 0/0, whose values are, however, — f^ and — z~^. For 
example s = in (c) gives 

1 _1 

— t z 



Px PxPi PxPiPi 



1 " 

Z 1 



■ , M 



For this infinite product is zero,* since 2'jc>7' = — oo . 

If the p's vanish, (a) and (d) are convergent power series, while (b) and 
(c) diverge. The values represented by jp, may, in general, be difierent in each 
of these four formulae. 

* Chrystal'8 Algebra, Vol. II, pp. 137, 393. 
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3. Lieijz be a function which is holomorphic for all points on the zone 
(st), including its boundary. Then, w being a running point on the boundary 
of that region, we have, in virtue of Cauchy's theorem, 



2x). 



"^ J u — z J t — z J 
Substituting from the formulae (aj . • • (d), 

^;r^,ftdt-jl^-l^fsds, (e) 

2nifz = +fl ^Jtdt + jk ^, Me , (f) 

2,:ifz = -fl ^,,ft<H - jSr -^.fsds , (g) 

'Inifz = -fl ^Jidt + JI; ^,fide . (h) 

The series extending to infinity in all cases. We have assumed fz to be 
holomorphic all over the zone. This being the case, if any of the p's in the 
last three forms occur in the zone as zeros of s""+'', these points must be pre- 
scribed points, and the expansion holds good for all other points in the zone. 
If fz be holomorphic for all points in the zone with the exception of a finite 
number of poles ^j . . .p^, and these p's, are made zeros of 2^''+% then the series 
expresses 7^3 all over the zone. 

4. Let^, = ± sh. Using Kramp's notation, we have 



^rlA: 



\z{z -\-h) ...{z-\-r — \h). 



(a) . . . (d) become 



gri-ft = ^^s_hy_(^_r — lh) 






t-Z~V f+^^ ' 
1 00 «rl— A 



S — Z s 



1 °° ^l~* 
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and (e) . . . (h) become 

<h^ifz = + Jl- ^Jtdt - ^I ^,fids , (e)' 

%nifz = ^jl^^/m + Jl^fsds , (f)' 

2m fz = -Jl'^^ftdt - fl^^fsds , (g)' 

2nifz = -fll^l^ftdt + jl^Jsds . (h)' 

Through the point a passes a straight line whose direction is fixed by f 
the argument of h. The points h, 2A, . . . are equidistant points taken on this 
line from a progressively ; the points — k, — 2A, . . . are taken on the line 
from a regressively. We regard the line aa' as divided progressively and re- 
gressively into an infinite number of equal parts with mod h. The line 
w|A|«** crosses the zone in each direction going from a. 

Let 

j\h\ <\s\<U + \)\h\, k\h\<\t\<{k + l)\h\. 

Then will there he k — j of the A-points in the zone on the progressive 
side of a and a like number on the regressive side. In (f)', 1/^''+"'' has k — j 
poles at the points — sh (s ^ j -\- 1, . . . k) ; in (g)', 1/^''+''"'' has the same 
number at -\- sh; while in (h)', there are 2 (k — j) poles in the zone at ± sh. 
Except at these points the series (e)' . . . (h)' give the values of ^ for all points 
in the zone. 

By addition, we have 



Therefore : 

A function is expansible throughout its zone of holomorphism in ascending, 
descending, positive {progressive) and negative (regressive) factorials of the 
variable, except at a finite number of points on a certain diameter of the zone 
(the A-line). 

5. In illustration of the application of (1) ; draw two circles about a with 
radii li > p, and divide the ^o-circle into n equal parts, calling the division 
points j9, . . .pn- Let z be any point distant r <i R from a. 

It is evident that in the product 

mod {z±p,) ...{z± p„) , 
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we are concerned with the product of the distances of z from the corners of 
the regular ?j-gon inscribed in the ^-circle. By De Moivre's properties of the 
circle, we have for this product 

mod {f + jo^" — 2y>" cos rup)^ 

<p = i_ zap^. Let the & running point on the arc of the ^-circle, d = [_ tap^^ 
we have 



." «('■> 



: — ^"^ 7(?+i> + 



n ^-P, 



n 



Now 



mod 77, f^^^: 
^ t-p. 



t — z o' <<'+'' t — z>=it—p. 



pin _|_ ^» — 2r'"^" cos nf 
^2n _|_ ^2« _ 2v¥>" COS n6 



" r 1 + {r/py^ — 2 {r/pY cos tif 
{_1 + {p/Hf" — 2 (/>/i?)" cos n(? 



frl" 






L^J 



" 1 + {p/rf" — 2 (p/rf cos wy 
1 + ip/Rf' — 2 (,o/^)" cos nd 



r<p 
r> p 



2 sin ^ nf/ll + (r/^)^" — 2 (r/^)" cos ?i(?]i, r = /> 



which vanishes when n = oo , under the conditions. If /3 is bolomorphic all 
over the i?-circle, we have 

5/^ y ^+Pidz. 



2-^/^ = /fFir)/^^^+/F(^f 



i +Ps 



Let jO remain constant and n increase to infinitj-, causing the^^'s (r ^ 1, 2, . . .) 
to converge to p„ or a&j,p. Then 



2m { 



p being any point inside the R- circle. If mod ^ := jO be zero, then the series 
passes into Cauchy's expansion of fz. 

6. In (e)' . . . (h)', put h = 0,* we have 



Inifz = 1; z'- r Ct-^-^ftdt — Cs-'-^fsds ] , 
27rifz =. I; \z'- ft-'-^fidt + 2-'-i fs'-fsds] , 

[_ »' J j 



(e)" 
(f)" 



* Note remark at the end of Art. 2. 
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2;ri/3 = - I; L^ js-^-\fsds + z-^-'jfftdA , (g)" 

27ci fz = I; 3-'-> \Cs'-fsds — jffm 1 . (h)" 

The second of these is Laurent's expansion in the zone. 

7. In (e)" . . . (h)", suppose s = 0, and^ holomorphic all over the ^-circle, 
then we have in the ^-circle, 

Ini fz = Iv 3'- ^t-'-'-ftdt = 27zi I zf^a/r ! (e)'" 

J 

2m fz = Xz"- Ct-'-'ftdt = 2m I zfa/r ! (f)'" 

•/ 

2m fz=--- 1, 3-'-' (eftdt (g)'" 

2m fz = — 1, s-'-i Cffidt (h)'" 

»/ 

The first two of these is Cauchy's expansion in the ^-circle. 

8. In (e)" . . . (f)", put t ^ CO , assuming /b to be holomorphic everywhere 
outside of the «-circle. Then in virtue of § 1, we have for all points outside 
the s-circle, 

27zifs = — I; 2'- Cs-'-^fsds , (e)'" 

•/ 

2m fz = I; s-*--! Cis'-fsds , {ty 

»/ 

2m fz = - I,, z'- r*-'-ysrf6' , (g)'^ 

27zifz == i; 2-'-i fs'-fsds . (h)'^ 

J 

The analogy between this set and the preceding needs no comment when we 
regard the circles s and t from the point u as well as from a, remembering 
that ««' = !. 

9. We define the 7wth progressive difference of fz at the point z to be 



J-* =f(z + mh) - 6Vi f{z + m-U) + ...+ (- 1)™ C„.„/s 

= (^1* — l)'"/3 , 
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and the wth regressive diflference at the same point to be 

^'"'-^ = A - 0^,,f(z - A) + ...+{- ir 0^,^f(z - mh) , 
-3 (1 — E^-Tfz . 

Suppose fz is holomorpbic in a circle about a, whose radius is greater than 
mod {mh). Then, by Cauchy's formula, 



Weh 


ive 


''fa 


^ (^1" - 


ir/a 


1 


/ 


fzdz 
z — a 














~ IniJ 


z — a — 


mh 




. + (- 


-1)™ 


^™ 


m 




z — 


a 



fzdz. 



4j>..(i-^-r(|^.. 



Therefore 



_ 1 r mlA" ., 

m ! A™ ~~ 27rt J {z — a)™+"-'' " '-"■' 

In like manner we find 

m\hr- ~ 2m J {z — a)'"+'i+'' " ''^'' 

Let 5 = in (f)', then we have 

The series converges to Cauchy's with m ^ oo , A := 0. 

Uniteesity of Virginia, Aiigttst, 1893. 



